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Abstract: - An analytical investigation of the effects of magnetic field, thermal radiation, heat generation or 
absorption and chemical reaction on the unsteady natural convection flow along an infinite inclined plate 
embedded in a porous medium subject to a ramped temperature boundary condition is performed. The 
governing equations for momentum, energy and concentration have been solved using the Laplace transform 
technique. The closed form exact solutions for the velocity, temperature and concentration fields as well as skin 
friction, Nusselt and Sherwood numbers are obtained without any restrictions. The influence of temporal 
variable, inclination angle, buoyancy ratio, permeability, magnetic field, heat generation or absorption, thermal 
radiation, Schmidt number and chemical reaction on the dimensionless velocity and skin-friction has been 
discussed through graphs. The natural convection due to ramped wall temperature has also been compared with 
that of the isothermal plate. It is found that the velocity and skin friction decreases with increasing radiation 
parameter, magnetic field parameter and angle of inclination in both ramped and isothermal cases. 
 
 
Key-Words: - Free convection, chemical reaction, thermal radiation, inclined plate, porous medium, 
magnetohydrodynamics (MHD), ramped temperature, heat generation or absorption.  
 
1 Introduction 
Fluid flow and the combined heat and mass transfer 
along an inclined plate have received less attention 
than the cases of vertical and horizontal plates. This 
configuration is very frequently encountered in 
numerous applications such as solar energy 
systems, geophysics, materials processing etc., and 
in the natural environment. Most of the previous 
studies were investigated by either numerical 
simulations or experimental observations. Practical 
problems often involve wall conditions that are 
non-uniform or arbitrary. To understand such 
problems, it is useful to investigate problems which 
are subjected to step change in wall temperature. 
Several attempts in this direction were made by 
various authors. Lee and Yovanovich [1] studied 
the laminar natural convection heat transfer from a 
vertical flat plate with discontinuous wall 
temperature using a new analytical model and the 
results obtained were compared with the existing 
numerical data of Hayday et al. [2] and the 

perturbation series solution of Kao [3]. The 
unsteady free convective flow of an incompressible 
viscous fluid near a vertical plate with ramped wall 
temperature was analyzed by Chandran et al. [4] by 
using the Laplace transform technique and the 
results were compared with that of the isothermal 
plate. Narahari and Dutta [5] analytically studied 
the problem of free convection flow induced by the 
heat and mass transfer along an accelerated infinite 
vertical plate with ramped wall temperature. An 
exact solution to the unsteady natural convection 
flow of a viscous incompressible fluid in a vertical 
channel due to ramp heating at one boundary was 
reported by Narahari and Raghavan [6] with the 
help of Laplace transform technique. The influence 
of constant mass transfer and constant mass flux on 
free convection flow past an infinite vertical plate 
with ramped temperature was investigated by 
Narahari et al [7]. They observed that the fluid 
velocity is greater in the case of an isothermal plate 
than that of the ramped temperature plate for both 
constant mass transfer and constant mass flux 
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boundary conditions. Saha et al. [8] studied the two 
dimensional transient natural convection flows 
adjacent to a sudden and ramp heated inclined flat 
plate using the scaling analysis and numerical 
simulations. 

Radiation effects on free convection flow past 
an inclined/vertical surface with a step change in 
wall temperature are also important in the processes 
involving high temperatures in some industrial and 
technological applications such as glass production, 
furnace design, heating and cooling chambers, 
plasma physics, solar energy collector and power 
generation systems. Additionally, the use of 
electrically conducting fluid under the influence of 
magnetic field has gained great interest in the study 
of boundary-layer flows. The effect of ramped 
temperature on the unsteady MHD free convective 
flow of an incompressible, electrically conducting 
fluid in a porous medium bounded by an infinite 
vertical wall was analytically investigated by 
Tiwari [9]. The effect of a transverse magnetic field 
on the two-dimensional unsteady natural convective 
flow of an electrically conducting and viscous 
incompressible fluid past a semi-infinite vertical 
plate was studied numerically by Singh and Singh 
[10] when the temperature of the plate has 
temporally ramped continuous profiles. The 
influence of thermal radiation on unsteady 
hydromagnetic natural convection flow of a viscous 
incompressible electrically conducting fluid near an 
impulsively started vertical plate with ramped 
temperature in a porous medium was investigated 
by Seth et al. [11] with the help of Laplace 
transform technique. The numerical analysis of the 
effects of thermal radiation and chemical reaction 
on the transient MHD free convection mass transfer 
flow of a dissipative fluid past an infinite vertical 
porous plate subject to a ramped wall temperature 
was investigated by Rajesh [12] using Crank- 
Nicolson finite difference method. Kalidas [13] 
studied the effects of thermal radiation and 
chemical reaction on unsteady MHD free 
convection heat and mass transfer flow of a viscous 
incompressible electrically conducting fluid near an 
impulsively moving vertical flat plate with ramped 
wall temperature. Exact solutions of this problem 
were obtained in closed form by using Laplace 
transform technique. The closed form analytical 
solutions were derived by Narahari [14] to examine 
the transient free convection flow between long 
vertical parallel plates with ramped wall 
temperature at one boundary in the presence of 
thermal radiation and constant mass diffusion by 
using Laplace transform technique. Samiulhaq et al. 
[15] investigated the unsteady MHD natural 

convection flow of an incompressible viscous fluid 
past an impulsively started infinite vertical plate in 
a porous medium with ramped temperature profile 
in the presence of radiation and Soret effects.  
Narahari and Sulaiman [16] performed an analytical 
study to investigate the effects of thermal radiation 
and magnetic field on the unsteady natural 
convection flow past an infinite inclined plate with 
ramped temperature using the Laplace transform 
technique. The effects of suction/blowing and mass 
transfer on the unsteady hydromagnetic free 
convective flow of a viscous, incompressible, 
electrically conducting and radiating fluid past a 
porous flat plate with ramped wall temperature in 
the presence of chemical reaction was investigated 
by Nandkeolyar et al. [17] by using the Laplace 
transform technique. Recently, Ismail et al. [18] 
performed an analytical study by using Laplace 
transform technique for the unsteady 
magnetohydrodynamic free convection flow in a 
porous medium past an infinite inclined plate with 
ramped temperature in the presence of thermal 
radiation. However, the unsteady free convection 
flow of an optically thin gray gas past an infinite 
inclined plate with ramped temperature embedded 
in a porous medium under the influence of 
magnetic field, thermal radiation, heat generation or 
absorption and the first-order chemical reaction has 
not been addressed in the literature even though this 
problem finds potential applications in the design of 
solar energy collectors, geothermal energy systems, 
cooling of nuclear reactors and in the design of heat 
exchangers. 

In the present paper, the effects of transverse 
magnetic field, thermal radiation, heat generation or 
absorption and first-order chemical reaction on the 
unsteady free convection flow past an infinite 
inclined plate in a porous medium with ramped wall 
temperature  have been investigated. The governing 
partial differential equations are solved analytically 
using the Laplace transform technique without any 
restriction and closed form solutions are obtained 
for the velocity, temperature and concentration 
fields, skin-friction, Nusselt and Sherwood 
numbers. These solutions can be used as a 
benchmark for the comparison of numerical 
simulations of higher order models and 
experimental investigations. 
 
 
2. Governing Equations and Solutions 
Consider the unsteady laminar heat and mass 
transfer by natural convection along an infinite 
inclined plate through a porous medium. The x′ - 
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axis is taken along the plate with the angle of 
inclination φ  to vertical and the y′ - axis is taken 
normal to the plate. Initially at 0≤′t , the plate and 
the fluid are at the temperature ∞′T  and 
concentration ∞′C . At 0>′t , the plate temperature 
increases according to the equation 

0/)( ttTTTT w ′′−′+′=′ ∞∞  and the chemical species 
concentration raised to wC ′ . It is assumed that the 
plate is electrically non-conducting and a magnetic 
field of uniform strength 0B  is applied in the y′ - 
direction. The fluid is assumed to be optically thin, 
constant property radiating gas except the density 
variation in the body force term of the balance of 
linear momentum equation and it is also assumed 
that the radiation heat flux in the x′ - direction is 
negligible as compared to that in the y′ - direction. 
Since, the plate is assumed to be infinitely long in 
x′  - axis direction so that all the dependent 
variables are functions of y′  and t ′  only. Under the 
usual Boussinesq approximation, after neglecting 
heat due to viscous dissipation, the governing 
equations for the momentum, energy and solute 
concentration can be written as follows: 
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with the following initial and boundary conditions 
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For an optically thin constant property gas, the 

radiative heat flux rq  satisfies the following non-
linear differential equation:  

 

( )44*4 ∞′−′=
′∂

∂
TT

y
qr ασ                                     (5) 

where α  is the absorption coefficient and *σ  is the 
Stefan-Boltzmann constant. It is assumed that the 
temperature differences within the flow are 
sufficiently small such that 4T ′  may be expressed 
as a linear function of the fluid temperature T ′  
using the Taylor series about ∞′T . After neglecting 
higher-order terms, gives 
 

.34 434
∞∞ ′−′′≅′ TTTT                                            (6) 

 
Using Eqs. (5) and (6), Eq. (2) becomes 
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The following non-dimensional quantities are 
introduced: 
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where u′  is the fluid velocity in the x′ -direction, t ′  
is the time, ν  is the kinematic viscosity, g  is the 
acceleration due to gravity, β  is the volumetric 
coefficient of thermal expansion, T ′  is the fluid 
temperature, ∞′T  is the temperature of the fluid 
away from the plate, *β  is the volumetric 
coefficient of concentration expansion, C ′  is the 
species concentration, ∞′C  is the species 
concentration away from the plate, 1K ′  is the 
permeability of the porous medium, σ  is the 
electrical conductivity of the fluid, ρ  is the density, 

pC  is the specific heat at constant pressure, k  is 
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the thermal conductivity, cq  is the volumetric heat 
generation or absorption, rq  is the radiative heat 
flux in y′ -direction, D  is the mass diffusivity, κ  
is the chemical reaction parameter, wT ′  is the 
temperature of the plate, and wC ′  is the species 
concentration at the plate, y  is the dimensionless 
coordinate axis normal to the plate, t  is the 
dimensionless time, u  is the dimensionless 
velocity, Gr  is the thermal Grashof number, θ  is 
the dimensionless temperature, C  is the 
dimensionless species concentration, Gm  is the 
mass Grashof number, N  is the mass to thermal 
buoyancy ratio parameter, K  is the dimensionless 
permeability parameter, M  is the magnetic field 
parameter (square of the Hartmann number), µ  is 
the fluid viscosity, Pr  is the Prandtl number, Q  is 
the heat generation or absorption parameter, R  is 
the radiation parameter, Sc  is the Schmidt number 
and γ  is the dimensionless chemical reaction 
parameter. 

From the above non-dimensional quantities, the 
ramp time 0t  can be defined as  
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In view of Eqs. (8), Eqs. (1), (7), and (3) reduces to 
the following non-dimensional form, respectively, 
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with the following initial and boundary conditions: 
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Equations (10), (11) and (12) are solved exactly 
subject to the initial and boundary conditions (13) 
by the usual Laplace transform method without any 

restrictions and the solutions obtained for different 
cases are given below: 
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Case I: 1Sc,1Pr ≠≠  
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Case II: 1Sc,1Pr ≠=  
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Case III:  1Sc,1Pr =≠  
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321 and, zzz  are dummy variables. Also, the 

following well known formula is used for complex 
error function. 
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From the velocity field, the expression for skin-
friction is derived and is given by 

Case I: 1Sc,1Pr ≠≠  
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Case II: 1Sc,1Pr ≠=    
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Case III:  1Sc,1Pr =≠   
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From the temperature field, the rate of heat transfer 
is determined and it is given in the form of Nusselt 
number as  
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From the concentration field, the rate of mass 
transfer is determined and it is given in the form of 
Sherwood number as 
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2.1 Solution in the Case of Isothermal Plate  
The solution for the temperature and velocity 
variables in the case of isothermal plate is derived 
as follows: 
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Case I: 1Sc,1Pr ≠≠  
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Case II: 1Sc,1Pr ≠=  
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Case III:  1Sc,1Pr =≠  
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The non-dimensional skin-friction and Nusselt 
number are given by 
 
Case I: 1Sc,1Pr ≠≠  
 

[
] [

]
),0,,1()(

),,,Sc(),0,,Sc(
),,,1(),,(Pr,

),0,(Pr,),,,1(

0464

344

3046214

142044

0

taFaa
taFtF

taaFataaF
taFtaaFa

y
u

y

+−
−+

+−
+=

∂
∂

=
=

γγ

τ

              (23a) 

  
Case II: 1Sc,1Pr ≠=  
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Case III:  1Sc,1Pr =≠   
 

[
]

[ ])exp()exp(

),0,,1()(
),0,,1(),,(Pr,

),0,(Pr,),,,1(

0
8

0484

48214

142044

0

tat
t

a
taFaa

tFataaF
taFtaaFa

y
u

y

−−−+

+−
+−
+=

∂
∂

=
=

γ
π

γ

τ

                 (23c)  

 
and 
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3 Results and discussion 
The numerical values of the velocity and the skin-
friction have been computed for different values of 
the control parameters. The default values for the 
control parameters are taken as: 71.0Pr = (air), 

,450=φ  ,2.0=N  ,5.0=K  ,1=M  ,5=R
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5.0−=Q  (heat generation), 6.0Sc =  (water vapor), 
1=γ  and 6.0=t . In order to highlight the 

influence of ramped wall temperature distribution 
on free convection flow along an infinite inclined 
plate, the present study has also been compared 
with that of the isothermal plate. The variation of 
the velocity profiles with time is shown in Fig. 1. It 
is observed that the velocity increases as the time 
progresses and this increase in velocity profiles is 
more in the isothermal case when compared to the 
ramped temperature case. This should be expected 
since the buoyancy force gradually increases with 
time in the case of ramped wall temperature as 
compared to the isothermal case. Further, the 
location of the peak velocity is moving away from 
the plate as the time progresses.  
 

 
 
 
 

 
 
 

The velocity variation with the inclination angle is 
shown in Fig. 2. It is observed that the velocity 
decreases with increasing inclination angle for both 
isothermal and ramped temperature cases. This is 
due to the decrease in the buoyancy force with 
increasing inclination angle from vertical. The 

velocity profiles are lower in the case of ramped 
wall temperature than that of the isothermal case.  
 

 
 
 
 

 
 
 
 

 
 
 

The velocity profiles are shown in Fig. 3 for 
different values of the buoyancy ratio parameter N 
when other parameters are fixed at default values. It 
can be seen that the velocity increases with 
increasing values of N for an aiding flow )0( >N . 

Fig. 1 Velocity profiles at different t 

Fig.2 Velocity profiles at different φ  

Fig. 3 Velocity profiles at different N 

Fig. 4 Velocity profiles for different K 

Fig. 5 Velocity profiles for different M 
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The reason is that the mass buoyancy force acts in 
the same direction as the thermal buoyancy force. 
In the case of an opposing flow )0( <N , the 
velocity decreases with increasing opposing 
buoyancy force. The reason is that the mass 
buoyancy force acts opposite to the thermal 
buoyancy force. Again one can see that fluid 
velocity is lower in the case of ramped temperature 
plate than in the case of isothermal temperature. 
Physically this true because in ramped temperature 
case heating takes place gradually when compared 
to isothermal temperature case. 
 

 
 
 
 

 
 
 

The velocity profiles are shown in Fig. 4 for 
different values of the permeability parameter K 
when other control parameters are fixed at the 
default values. It is observed that the velocity 
decreases with decreasing values of K for both 
isothermal and ramped temperature cases. Small 
values of K refer to cases when the medium is 
almost rigid and ∞→K  refer to the case of 
absence of porous medium. It is also observed that 
the fluid velocity is higher in the case of isothermal 

temperature when compared to ramped temperature 
case for fixed value of the permeability parameter 
K. 

 

 
 
 
 

 
 
 

The effect of magnetic field on velocity profiles is 
depicted in Fig. 5. From this figure, it can be seen 
that in both isothermal and ramped temperature 
cases the velocity decreases with increasing value 
of the magnetic field parameter. The presence of 
magnetic field in an electrically conducting fluid 
introduces a force called Lorentz force, which acts 
against the flow if the magnetic field is applied in 
the normal direction to the flow. This type of 
resisting force slow down the fluid velocity as 
observed in Fig. 5. Further it is noticed that velocity 
is lower in the ramped temperature case as 
compared to isothermal temperature case. The 
influence of heat generation )0( <Q  or heat 
absorption )0( >Q  on the velocity field is presented 
in Fig. 6 for both isothermal and ramped 
temperature cases. The presence of heat generation 
in the boundary layer generates thermal energy 
which causes to increase the fluid temperature and 

Fig. 6 Velocity profiles for different Q 

Fig. 7 Velocity profiles for different R 

Fig. 8 Velocity profiles for different Sc 

Fig. 9 Velocity profiles for different γ  
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thereby produces an increase in the fluid velocity 
due to increasing buoyancy effect. An opposite 
trend is observed in the case of heat absorption. It is 
seen that the fluid velocity is lower in the case 
ramped temperature plate as compared to that of 
isothermal plate for both heat generation and 
absorption.  

The effect of thermal radiation on the velocity 
profiles is depicted in Fig. 7 for both ramped and 
isothermal temperature cases. Increasing the 
thermal radiation parameter R produces a 
significant decrease in the fluid temperature. This 
result is expected qualitatively from the definition 
of R given in eq. (8). The effect of radiation 
parameter is to decrease the rate of energy transport 
to the fluid and thereby decreasing the temperature 
of the fluid. This decrease in the fluid temperature 
causes the fluid velocity to decrease due to the 
reduced buoyancy effect. 

The variation of the velocity field is illustrated 
in Fig. 8 for different values of the Schmidt number 
when the other parameters are fixed at their default 
values for both isothermal and ramped temperature 
cases. This figure clearly indicates that the velocity 
decreases with increasing values of the Schmidt 
number. Further it is noticed from this figure that 
the velocity profiles are lower in the case of ramped 
temperature than in the case of isothermal 
temperature case.   

The effect of chemical reaction parameter γ  
ranging from non-destructive )0( <γ  to destructive 

)0( >γ  chemical reactions on the velocity profiles 
is depicted in Fig. 9 for isothermal and ramped 
temperature cases. The presence of destructive 
chemical reaction has tendency to decrease the 
solute concentration which causes a slight decrease 
in the fluid velocity due to reduced mass buoyancy 
force. For non-destructive chemical reactions, the 
exact opposite effect is predicted in fluid velocity. 

The skin-friction variation with dimensionless 
time at different values of inclination angle φ  is 
depicted in Fig.10 when other parameters are fixed 
at the default values. It is observed that an increase 
in the value of φ  decreases the skin-friction for 
both ramped temperature and isothermal plate 
cases. This should be expected because the fluid 
velocity decreases with increasing the inclination 
angle for both ramped temperature and isothermal 
plate cases. The variation of the skin-friction with 
time for different values of buoyancy ratio 
parameter N  is shown in Fig.11. It is observed 
from this figure that the skin-friction increases with 
increasing aiding buoyancy force whereas it 
decreases with increasing opposing buoyancy force 

for both ramped temperature and isothermal cases. 
It is also observed that the skin-friction is negative 
in the ramped temperature case with increasing 
value of opposing buoyancy force due to flow 
separation at the plate. 
 

 
 
 
 
 

 
 
 

 
 
The skin-friction profiles for different values of the 
permeability parameter K  against time are plotted 
in Fig.12 for both ramped temperature and 
isothermal plate. It is observed that an increase in 
the value of K increases the skin-friction. That is, 
increasing permeability of the porous medium 
decreases the skin-friction. The variation of skin 
friction for different values of heat generation or 
absorption parameter Q  as a function of time is 
plotted in Fig. 13 for both ramped and isothermal 
cases. It is noticed that the skin-friction increases 
with increasing heat generation while it decreases 
with increasing heat absorption in the boundary 
layer. This is due to the increase in the momentum 
boundary layer thickness in the presence of heat 

Fig. 10 Skin-friction variation for 
different φ  

Fig. 11 Skin-friction variation for 
different N 
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generation while it decreases in the presence of heat 
absorption. 
   

 
 
 
 

 
 
 
 

 
 
 

 
 
The variation of skin-friction with time for different 
values of magnetic field parameter M, radiation 
parameter R, and Schmidt number Sc is shown in 

Figs. 14 – 16, respectively, for both ramped 
temperature and isothermal temperature of the 
plate. It observed that the increasing values of M, R 
and Sc decreases the skin-friction in both the cases. 
This is due to the decrease in the fluid velocity with 
increasing values of M, R and Sc for both ramped 
temperature and isothermal cases. It is interesting to 
note that the skin-friction decreasingly pronounced 
more with radiation parameter R as compared to the 
magnetic field parameter M and Schmidt number 
Sc.  
 

 
 
 
 
 

 
 
 

 
 
The skin friction variation against time is plotted 
for different values of the chemical reaction 
parameter γ  in Fig. 17 for both ramped and 
isothermal cases. It is clear that the skin-friction 
increases with increasing non-destructive chemical 
reaction due to increasing fluid velocity whereas the 
skin-friction decreases with increasing destructive 
chemical reaction due the decrease in the fluid 
velocity for both cases. From Figs. 10 – 17 it is 
important to notice that the skin-friction is greater 

Fig. 12 Skin-friction variation for  
different K 

Fig. 14 Skin-friction variation for  
different M 

Fig. 15 Skin-friction variation for  
different R 

Fig. 16 Skin-friction variation for  
different Sc 

Fig. 13 Skin-friction variation for 
different Q 
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in the case of isothermal plate as compared to the 
ramped temperature plate for small values of time 
and at large values of time the skin-friction attains 
the steady state value in both the cases. Further, the 
skin-friction attains the steady state value early in 
the case of isothermal plate as compared to the 
ramped temperature plate. This should be expected 
since heating of the fluid is takes place more 
gradually in the case of ramped temperature of the 
plate as compared to the case of isothermal plate. 
 
 

 
 

 
 
 
4 Conclusion 
The problem of unsteady natural convection heat 
and mass transfer past an infinite inclined plate in a 
porous medium with ramped wall temperature is 
studied analytically under the influence of magnetic 
field, thermal radiation, heat generation or 
absorption, and destructive or non-destructive 
chemical reaction. Closed form analytical solutions 
to the dimensionless governing partial differential 
equations are obtained using the Laplace transform 
technique without any restriction. The numerical 
values of velocity and skin-friction have been 
computed from the analytical solutions for different 
values of control parameters. The fluid velocity and 
skin-friction obtained for the ramped temperature 
plate have been compared with that for the case of 
an isothermal plate. It is found that the fluid 
velocity and skin-friction are lower in the case of 
ramped wall temperature boundary condition than 
those obtained for the case of isothermal boundary 
condition. The present results will have immediate 
relevance in the design of solar energy collectors, 
geothermal systems, cooling of electronic 
equipment and in the design of chemical processing 
equipment. 
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